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Oral mucositis is an inflammatory adverse event when treating head and neck cancer patients with radiation
therapy (RT). The severity of its occurrence is believed to mainly depend on its site and the distribution of
a cumulative radiation dose in the mouth area. The motivating study investigating differences in radiosensi-
tivities (mucositis progression) at distinct sites where the severity of mucositis is assessed regularly at eight
distinct sites on an ordinal scale results in multivariate longitudinal data and thus poses certain challenges.
To deal with the multivariate longitudinal data in this particular setting, we take a time-to-event approach
focusing on the first occurrence of severe mucositis at the distinct sites using the fact that the site-specific
cumulative radiation dose thought to be the main driver of oral mucositis develops over time. Thereby, we
may address multivariate longitudinal processes in a simpler and more compact fashion. In this article, to
find out differences in mucositis progression at eight distinct sites we propose a shared frailty model for
multivariate parallel processes within individuals. The shared frailty model directly incorporating “process
indicators” as covariates turns out to adequately explain the differences in the parallel processes (here, mu-
cositis progressions at distinct sites) while taking individual effects into account. The parallel result with
the one from the previous analysis based on the same data but conducted with an alternative statistical
methodology shows adequacy of the proposed approach.
Key words: Shared fraily model; Multivariate longitudinal process; Multivariate counting pro-
cess; Parallel processes;
Supporting Information for this article is available from the author or on the WWW under
http://dx.doi.org/10.1022/bimj.XXXXXXX
1 Introduction
Oral mucositis (briefly, mucositis) is an inflammatory adverse event when treating head and neck cancer
patients with radiation therapy (RT). The motivating study seeks to investigate differences in radiosen-
sitivities at eight distinct sites in the mouth area. Since the radiosensitivities can be represented by the
severity of mucositis, in the study mucositis progression is assessed through time at eight different sites
in the mouth area, i.e., the data set consists of longitudinal observations for the eight dimensional mu-
cositis progressions along with other covariates, most importantly site-specific cumulative (radiation) dose
and site-specific (radiation) dose fraction. The analysis of the multivariate longitudinal data taking other
covariates into account, however, poses certain challenges.
Longitudinal data is characterized by repeated measurements on individuals through time. While such
a data set enables us to directly capture the within-individual variability through time and to relate them
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to inter-individual differences in covariates of interest, it also poses challenges of correlations within an
individual, which are to be taken into account to draw valid inferences (Digg et al., 2002). See also Digger
et al. (2002), Laird et al. (1982), Jennrich and Schluchter (1986), Liang and Zeger (1986), Zeger and Liang
(1986), and Long (2011) for an overview. In a longitudinal data set, it is not uncommon that multivariate
outcomes are observed for an assessment time point. Such a multivariate longitudinal data set introduces
another kind of correlation - between multivariate outcomes for each assessment time point. For example,
Verbeke et al. (2014) reviewed existing methodologies addressing such multivariate longitudinal data.
Clearly, the multivariate longitudinal analysis becomes very complicated as soon as there are more than
two outcomes at an assessment time point because it requires an approach which can address two different
kinds of correlations: (i) within individuals over longitudinal assessments and (ii) between multivariate
processes.
To this end, we notice two particular features of the motivating data set. Firstly, the site-specific cumula-
tive dose thought to be the main driver of oral mucositis progression during RT develops proportionally to
time, i.e. there is a rough relationship of (site-specific cumulative dose)≈ (time)× (site-specific dose frac-
tion). This particular feature of the mucositis progression allows us to directly incorporate ’time’ into the
model. Secondly, the main clinical interest lies in the occurrence of severe mucositis defined as mucositis
grade ≥ 3. These two features allow us to take a time-to-event approach by incorporating a ”site-specific
dose fraction” and ”time” effects explicitly into the model instead of a ”site-specific cumulative dose” and
by focusing on the first occurrence of severe mucositis at the eight distinct sites. By taking a time-to-event
approach we can take advantage of two useful properties: (i) Possible correlations due to repeated mea-
surements of longitudinal data are addressed, and also (ii) the model is able to consider the time aspect
explicitly in the model; we can thus estimate how the hazard of experiencing the event (severe mucositis at
a specific site) evolves over time.
Thus, by adopting a time-to-event approach we can deal with multivariate time-to-event data. There
are several possibilities to analyse multivariate time-to-events data: for example, a marginal model, a
fixed effects model, a stratified model, a copula model, a shared frailty model, or even a model ignoring
dependence could be employed. Among them, the shared frailty model is the most popular choice, owing
to its simplicity and easy interpretation without having to specify a complicated dependency structure, the
frailty term in the shared frailty model would explain the excessive individual effects which cannot be
explained by covariates but still exist among the multivariate outcomes within individuals.
We are primarily motivated by the mucositis progression (an indicator of radiosensitivities which can
be seen as a ”process”) at eight distinct sites. Thus, to find out the significant differences in the radiosen-
sitivities at eight distinct sites we investigate in this article a model which describes multivariate parallel
processes with a simple correlation structure. Here, the main interest is whether there are significant dif-
ferences among the multivariate parallel processes. To this end, other possible confounders as well as the
possible correlations (within individuals and between the processes) should be taken into account in the
model.
This article is structured as follows: Section 2 introduces the motivating study in details. In Section
3 we propose a shared frailty model for multivariate parallel processes. The model incorporates “process
effects” as indicator variables to explain the distinctions between the parallel processes while taking ac-
count of confounders and individual effects (frailties). In Section 4 the proposed model is applied to the
motivating study, and it is shown that the shared frailty model adequately accounts for the multivariate
parallel processes. The result is compared with that of an extended proportional odds model based on the
same data set, which is presented in Augustin et al. (2017). While both models give fairly coherent results,
the similarities and the differences of the two models are further investigated. In Section 5, we discuss two
different kinds of possible correlations in the multivariate parallel processes; (i) within individuals and (ii)
between the processes.
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2 Motivating Study
(Oral) mucositis is a common adverse event of cancer treatments, such as radiation therapy (RT). It is a
condition characterized by pain and inflammation of the surface of the mucous membrane (mucosa) and
commonly occurs especially when treating head and neck cancer patients with RT. When the head and
neck area is treated, temporary soreness and ulceration commonly occur in the mouth and throat area.
Such damage to the epithelial surfaces like skin or oral mucosa is called (oral) mucositis. Although it is
not a fatal adverse event of RT, it accompanies serious troubles with ingestion and is associated with pain,
and in the worst case, the interruption of RT has to be considered. Although modern RT aims to minimize
occurrence of the mucositis on healthy tissues by using a specialized treatment planning software, its
occurrence is still inevitable. The mucositis that occurs during the treatment mainly depends on the amount
of the radiation dose but also on the site irradiated, the type of radiation, the fractionation, the concurrency
of chemotherapy, the patient and so on.
Interestingly, the healthy tissues in the mouth are not uniform in their structure and the rates of the dam-
age and recovery from mucositis depend on the turnover rate of epithelial cells. So, radiation oncologists
are interested in examining how sensitive each part (site) of the mouth area is to RT. Therefore, to promote
a better RT planning minimizing mucositis occurrence, radiation oncologists in the radiation oncology de-
partment of the Medical Center of the University of Freiburg conducted several studies (only two of them
are included in this work) to ascertain the different radiosensitivities of eight distinct sites to RT in the
mouth area. While treating the head and neck cancer patients with RT, radiation oncologists have longi-
tudinally assessed mucositis progression on eight distinct sites of the treated area in order to answer the
following two questions (i) Are there significant differences in mucositis development at the eight distinct
sites? and (ii) if any, how are they different? Answering these questions is the aim of this work. The study
on mucositis progressions at eight distinct sites in the mouth area is unprecedented and we expect that this
work can provide the radiation oncologists with more precise empirical knowledge on radiosensitivities of
eight sites in developing mucositis, thereby being able to avoid more sensitive sites in the planning stage
to minimize the severity of mucositis.
The site-specific cumulative dose is thought to be the main driver of mucositis and increases propor-
tionally to the lapse of time, which can be seen in Fig. 2. Being a main driver of mucositis, the site-specific
cumulative dose could be a main confounder in clarifying the effects of distinct ”sites” and should be taken
into account in the model formulation. In Fig. 2, boxplots show the distribution of the site-specific cumu-
lative doses and the gray dots indicate the amounts at which point severe mucositis were first observed.
Apparently, there is a tendency of more (severe) mucositis occurrences at sites with higher site-specific
cumulative doses. However, it can be seen that also other factors play a role why (severe) mucositis occurs.
Our hypothesis is that one of these factors could be the effects of the distinct ”sites”.
Observational data were collected on a total of 75 patients receiving RT for head and neck cancer
between September 2006 and February 2012 in the Radiation Oncology Department, Medical Center, Uni-
versity of Freiburg. The data set consists of two studies that have different protocols, and one has to take po-
tential differences between the studies into account in the analysis. Three-dimensional radiation planning
techniques and standard fractionation (5× 1.8∼ 2.2 Gray/Week, mostly 2 Gy per week) were followed, ac-
cording to individual planning. The total dose to the tumour was from 60 to 80 Gy, thus for the duration of
six or seven weeks of RT in general. Any RT interruption was not allowed in principle. For every individual
the planning (the direction and the amount of dose) is varying depending on the tumour site as well as its
size, so the amount of the dose reaching each site is different for each individual. To achieve the main aim
of the study, the oral mucosa was assessed at eight sites in the mouth area: hard palate (hard), soft palate
(soft), tongue, mouth floor (floor), upper lip (up), lower lip (low), left cheek (left), and, right cheek
(right), based on the five level NIH-CTC oral toxicity scale ((0) no mucositis, (1) erythema, (2) ulcer, (3)
confluent ulcer, (4) necrosis). The grade is given according to its severity: grade 0 indicates mucositis free,
grade 1 and 2 are regarded as minor state, and grade 3 and 4 are categorized as severe mucositis (Henke et
al., 2011), with severe mucositis being of our main interest. Assessments were conducted twice weekly,
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Figure 1 Site-specific cumulative dose increases proportionally to time. (Left) Cumulative dose on soft
palate, (Right) Cumulative dose on upper lip.
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Figure 2 The eight box plots describe the distributions of the cumulative site-specific radiation dose for
each site. The gray dots indicate the corresponding values of the site-specific cumulative dose at which
severe mucositis occur. (Augustin et al., 2017)
at least at three day intervals, throughout the RT duration. At each assessment the cumulative dose was
recorded so that with the median value of the percentage of the site-specific dose the site-specific cumula-
tive dose (=cumulative dose × median percentage of site-specific dose) could be
derived. In addition all relevant patient characteristics were recorded, including age, sex, study (the data
set consists of the data sets from two different studies). All study procedures were reviewed by the local
ethics committee and all patients provided their written consent.
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3 Methods
3.1 Notation
Let N be a multivariate counting process with components Nil where Nil(t) is the number of observed
events in [0, t] for individual i, i = 1, . . . , n, and process l, l = 1, . . . , k, i.e.,
N = (Nil; i = 1, . . . , n; l = 1, . . . , k) .
We assume that the counting process Nil jumps from 0 to 1 so it takes value of {0, 1} with intensity
α
(l)
i (t) = ZiYil(t)α
(l)(t)
where α(l) is a common process for process l, and Yil(t) is an observable predictable process for individual
i, and process l whose value at time t is known at latest infinitesimally before t. Here, the inclusion of an
individual frailty variable Zi is necessary since we assume the multivariate counting processes share the
same frailty variable and model positive statistical dependence among them (Andersen et al., 1993).
Then, for individual i the data consists of
{(Ni1(t), Yi1(t), Xi1(t)), . . . , (Nil(t), Yil(t), Xil(t)), . . . , (Nik(t), Yik(t), Xik(t))}
where Xil(t) is a vector of covariates for individual i and process l. It can be also time-dependent.
3.2 Strategy
Motivated by the fact that the site-specific cumulative dose thought to be the main driver of oral mucositis
evolves proportionally to time, we employ a time-to-event approach focusing on the first occurrence of
severe mucositis. This approach supposes that the interest lies in a specific event occurrence, at which time
point a longitudinal process exceeds a pre-specified value. From this point of view, the multivariate longi-
tudinal data can be analysed by a multivariate time-to-event approach. By employing this approach, time
can be modelled explicitly, and one can see how the instantaneous (or cumulative) hazard to experiencing
the event evolves over time.
Before moving to the model proposal, we list several challenges in the data set. Multivariate outcomes
within individuals might show (i) correlations within individuals. And considering our primary aim it is
necessary to find out the possible (ii) effects leading to differences among the multivariate outcomes, i.e.,
”process-specific effects”. Furthermore (iii) possible confounders such as the amount of the site-specific
(radiation) dose are to be taken into account.
Considering point (iii), a hazard-based regression approach is suitable where we start with the best-
known one: the proportional hazard model (Cox model) (Cox, 1992). To address challenges (i) and (ii),
we propose a shared frailty model for the multivariate parallel processes: the parallel processes (Cook
and Lawless, 2018) are generated by similar mechanisms whereas they can differ by the ”process-specific
(fixed) effects” that might possibly lead to different outcomes. To sum up, the multivariate parallel pro-
cesses still share all the covariates other than the process-specific effects. By directly incorporating process-
specific effects, it is possible to estimate how differently each process evolves, while retaining the basic
structure which all the parallel processes share. Here, the shared frailty term in the model would allow
the model to account for possible individual effects which are shared among the parallel processes within
individuals. In this way, the multivariate processes are simultaneously incorporated in one model with the
process-specific effects while possible individual effects are accounted by the frailty term.
Note that so far the shared frailty model has generally been employed where the frailty term was in-
corporated to address individual effects penetrating multivariate processes within individuals and those
multivariate processes were identical (not only parallel). Since the processes are not distinct from each
other, in such a general shared frailty model the differences of the multivariate processes can be adequately
c© 2020 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.biometrical-journal.com
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explained by the frailty term without the need of other effects but common (shared) effects. However,
the shared frailty model for the multivariate parallel processes can be more complex. If the multivariate
parallel processes are not adequately accounted by the frailty term, the correlations between the multivari-
ate processes are also to be addressed in the model. There have only been a few applications where the
correlated multivariate processes were considered through the shared frailty model. For example Lie et al.
(2004) proposed a joint modeling of recurrence and mortality processes with a frailty term shared by the
intensities of the two processes. However, those works do not address the challenges of our data set.
The proposed shared frailty model approach is appropriate for the above-mentioned motivating study
where the mucositis progression is assessed at eight sites and the event of experiencing severe mucositis
(of grade larger than or equal to 3) for each site can be regarded as a counting process. Then there are
eight-dimensional multivariate parallel counting processes with site-specific (process-specific) covariates.
Site-specific processes are modelled by directly incorporating each site and the corresponding estimates
would explain the effects of the site-specific processes.
3.3 Shared frailty model approach for multivariate counting processes
For univariate time-to-event data, a frailty term explains additional (individual) heterogeneity which can-
not be explained by covariates in the model. On the other hand, for the multivariate counterpart the frailty
term can also be used to explain an individual effect or correlations of multiple events within an individual.
Assume that there is a frailty term Zi for individual i. It measures the individual specific risk level and
the time-to-events within the individual are related through the frailty: assuming that the frailty term suffi-
ciently explains the possible individual effect, conditional on the frailty term the multivariate time-to-events
are independent of each other.
We further assume that the hazard rate of an individual is given as the product of an individual frailty and
a basic rate α(t) (Aalen et al., 2006). A proportional hazard model with the proportional frailty term shared
by all the times-to-events within an individual is called the shared frailty model. Unless we are interested
in the values of individual frailty terms, the frailty term is usually regarded as a nuisance parameter. In
general, interest lies in the degree of heterogeneity between the individuals which is measured by the
variance of the frailty terms: a variance of the frailty terms far larger than zero indicates dependencies
among the time-to-events within an individual, implying a necessity of the frailty term in the model.
We suppose the situation in which each of the parallel processes is distinguished by its ”process-specific
(fixed) effect”. Such a situation can be observed, for example, in a study on biological progressive pro-
cesses involving paired or multiple organ systems. Then, the question that naturally arises would be
whether such a ”process-specific effect” of each process leads to any significant difference in its outcome.
While in a general shared frailty model all the covariates are shared by multivariate outcomes within indi-
viduals, in our specific setting also the ”process-specific covariates” which are not shared by multivariate
outcomes are to be incorporated in the model. Such process-specific covariates enable us to estimate the
“process-specific” effects which possibly make distinctions between the multivariate outcomes within in-
dividuals.
To this end, we suppose the k-dimensional multivariate counting process for the i-th individual
{Ni1(t), . . . , Nik(t)}
where the k processes are assumed to be parallel, i.e., the multivariate processes have the same number of
states and the identical possible transitions. Then, for individual i, i = 1, . . . , n, the data consists of
{(Ni1(t), Yi1(t), Xi1(t)), . . . , (Nil(t), Yil(t), Xil(t)), . . . , (Nik(t), Yik(t), Xik(t))} ,
where Xil(t) is a vector of (Xil1(t), . . . , Xilm(t), . . . , Xilp(t), (0, . . . , 1, . . . , 0)T ). Here the last compo-
nent of the data is a process-specific length-((k − 1)) vector of covariates of indicator variables: the entry
of the vector takes a value 1 only for the corresponding process, otherwise a 0. For the reference process
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l = 1 its vector consists of all zero values. Note that any covariates Xilm(t) might contain process-specific
values.
In this setting, the hazard for the k-dimensional multivariate processes can be simultaneously formulated
within a shared frailty model framework in a compact manner: for individual i, i = 1, . . . , n, process l,
l = 1, . . . , k, and counting process Nil(t), the hazard rate of the shared frailty model can be written as
α
(l)
i (t) = α0(t)Zi exp(Xil(t)
Tβl), (1)
where Zi is the frailty term for individual i, Xil(t) is a (p+ k− 1)-length vector whose values are allowed
to be varying by process and βl is a length (p + k − 1) vector that contains site-specific effects as well.
We assume that Zi is independently and identically distributed with gamma or log-Gaussian distribution,
with density function, say p(z; θ), having the variance θ and mean 1. (We may test the null hypothesis of
H0 : θ = 0, meaning no frailty. The larger θ is, the more varying the individuals are, and the more crucial
the frailty term is.)
Again note that a general shared frailty model assumes that all the covariates are “shared” within indi-
viduals, i.e., the same applies for the multivariate processes within individual. Meanwhile, in our specific
setting, other than the “shared” covariates for all the k processes, there are the “process-specific” covariates
which are only applicable to the corresponding process.
3.4 Estimation
The estimation is done using the coxph function in the Survival R-package (Therneau, 2020). For a
description of the estimation process one refers to Therneau and Grambsch (2000) on which the coxph
function is based. Therneau et al. (2003) shows that an estimation of the frailty model can be based on
a penalized Cox model, where, instead of regarding a frailty term as an unobserved covariate, one treats
the frailty as an additional coefficient which is constrained by a penalty function added to the log partial
likelihood. The maximization of the penalized partial likelihood for fitting the Cox models can be readily
done: the score equations for the fixed covariates are identical to those of the ordinary Cox model, and so
only the score equations for the frailty terms are to be solved. The score equations for the frailty terms
depend on the choice of the frailty distribution which defines the penalty function.
Since the coxph function uses the penalized likelihood method on the view of the penalized fitting
procedure, the variance of the frailty terms θ plays a role as a “penalty parameter”, or a “tuning parameter”,
of the computation. We might control the degrees of the penalty, either by fixing the value of the variance
of the frailty or by assigning the degrees of freedom, but we let the function choose the degrees of the
penalty: the function chooses the degrees of the penalty based on the variance of the frailty. It chooses
the large penalty (in the case of gamma or Gaussian frailty, 1/θ, i.e., small value of θ) for the less varying
frailties and the small penalty (large value of θ) for the more varying frailties.
By choosing the penalty function as g(z′; θ) = (1/θ)Σ [z′i − exp(z′i)], where z = exp(z′), the pe-
nalized Cox model is equivalent to the gamma frailty model. For the computation of the gamma frailty
model coxph uses inner and outer loops. In the inner loop the Newton-Raphson method is used to solve
the penalized partial log likelihood for a fixed θ, and the outer loop finds θ̂ which maximizes the profile
likelihood for θ. Therneau and Grambsch (2000) derived the log profile likelihood for θ, then θ can be es-
timated by maximizing the log profile likelihood. The Gaussian frailty model is equivalent to a penalized






. In the case of the Gaussian frailty model,
in the outer loop θ is chosen based on an approximated residual maximum likelihood (REML) and for a
given θ the inner loop solves the estimating equations for β and z′ using the Newton-Rhapson iteration.
See Ripatti and Palmgren (2000) and Therneau and Grambsch (2000) for the details.
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Figure 3 Histograms of the estimated individual frailty. The frailty is assumed to be distributed as (Left)
log gamma, and (Right) Gaussian. Both densities are scaled to have mean zero and variance one.
4 Application
The shared frailty model (1) for multivariate parallel time-to-event processes is applied to the motivating
data set from Sec. 2. It is evident from Fig. 4 that the individuals have varying frailties: some individuals
are more frail and some others are less frail than others, i.e., experiencing events (severe mucositis) are
influenced by individual frailty. Note that, if the site effects were not of our main interest, it would
be possible to assume the frailty for the site effects, i.e., frailties of the sites. In our case, individual
effects are nuisance for our purpose so that individual effects are better to be regarded as frailty effects.
Furthermore, in the survival analysis context frailty generally indicates frailty of the individual.
The assumption that the frailty term sufficiently explains the possible individual effect, conditional
on the frailty term the multivariate time-to-events, is deemed realistic in this application; the frailty term
represents the ”basic radiosensitivity” which is a specific feature of a particular patient. The frailty structure
might be elaborated by, for instance, incorporating history of events in other parallel processes. This so-
called proportional hazard (PH) Markov model enables us to characterize the dependence between each
pair of the processes and to possibly explain pairwise interrelationship that cannot be taken into account
through the frailty term. However, such overly parameterized model comes with the cost of non-valid
estimates and practical inefficiency. See discussion in Sec. 5.
4.1 Application to adverse events of radiation therapy on eight distinct sites
The shared frailty model for individual i, i = 1, . . . , n, site l, l = 1, . . . , 8, and the counting process Nil(t)
takes the form of
α
(l)




, s = 1, 2 (2)
where αs0(t) is the baseline hazards stratified by study effects. Although the study effect is a nuisance
variable, it has a significant effect. Thus, it makes sense to include it in the baseline hazard. zi is the
frailty term for individual i, and βdosl.l is the coefficient of site-specific dose fraction for site l. Other
variables of sex, age, and cumdosl (site-specific cumulative dose) turned out to be insignificant; as
long as dosl is in the model cumdosl is not significant anymore. (2) can be equivalently written as
α
(l)
ij (t|x) = αs0(t) exp(β
T
sitexsite.l + βdoslxdosl.il + z
′
iwij), s = 1, 2 (3)
mainly for the estimation purpose. Here wij equals 1 if assessment j belongs to individual i, otherwise 0
and zi = exp(z′i). Note that the frailty zi in (2) follows gamma or log Gaussian distribution, i.e., Gaussian
is random effect on the scale of the linear predictor.
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4.1.1 Result
Based on (3), the shared frailty model is fitted assuming the gamma frailty distribution, i.e., exp(z′i) is
gamma distributed, and the output is given in Table 4.1.1. We let the coxph function find an overall best
variance θ which minimizes the Akaike Information Criterion (AIC) : as mentioned in Sec. 3.4 the outer
loop finds the maximizer θ̂ of the profile likelihood for θ (Therneau and Grambsch, 2000). The resulting
variance of the frailty is estimated to be 1.0798, indicating a fairly large biological effect; this implies
an average exp(1.0798) = 2.9441-fold difference in the risks between observations randomly chosen
from different individuals (Therneau and Grambsch, 2000). The approximate Wald test statistics for the
frailty term of 195.99 with 56.69 degrees of freedom indicates highly significant frailty terms, meaning
strong dependencies of the event times among sites within an individual. It implies that the frailty term is
not to be disregarded in the model. Notice that the shared frailty model estimates the relative risk within
individuals whereas the marginal model (the shared frailty model is a conditional model in the sense that the
coefficients of the shared frailty model are estimated, conditional on the frailty term of the corresponding
individual) estimates the population averaged risk. Comparing to the marginal model -results not shown-,
except for the site effects, in the shared frailty model all the estimates of the coefficients as well as the
corresponding standard errors are inflated. With the frailty term being included in the model, the estimated
values of the coefficients increase with the variance of the frailty term, and this is theoretically expected
(Henderson, 1975): omitting the frailty term leads to an underestimation (attenuation towards zero) of
the estimates when such individual effects actually exist, i.e., the variance of the frailty is large. And by
including the frailty term such bias is corrected so the estimates are inflated. The addition of a frailty term
rectifies the bias. However, at the price of some increase in variance over the marginal model which gives
the larger variance of the estimates of the coefficients, i.e., larger standard errors. Such standard errors can
be even larger if the variance of the frailty terms θ is unknown. The standard error estimated by the coxph
function through the penalized Cox model is computed assuming that θ is fixed (Therneau and Grambsch,
2000), which is not the case in our application, and this leads to the underestimated standard errors.
Based on (3) the shared frailty model with Gaussian frailty is fit using the coxph function whose
output is given in Table 4.1.1. There are no significant changes for the Gaussian frailty model from the
gamma frailty fit. The estimated variance of the frailty term θ̂ again gives a highly significant value of the
approximate Wald test statistic. Here again the variance, or equivalently, the degrees of freedom, was not
specified, and by default the coxph function estimated the variance of the frailty term using the REML
criterion. Since the estimates of both the gamma frailty and the Gaussian frailty models in Table 4.1.1
provide parallel results, we focus on the gamma frailty model for further discussion on this application.
The estimates for the site effects in Table 4.1.1 are the values with respect to the reference site,
hard, and those effects are also graphically illustrated on the right panel of Fig. 4.2.2. The most sensitive
sites turn out to be soft and hard whereas up and low result in the two smallest values of the site
effects, after adjusting for dosl and study effects. This finding is consistent with the previous analysis
(Augustin et al., 2017) using a different modelling approach but with the same data set, replacing the time
factor with the site-specific cumulative dose (cumdosl). See Fig. 4.2.2. We will investigate this point in
the following section.
4.2 Comparison with a previous approach
In the above-mentioned study based on the same motivating data set, no time-to-event approach was em-
ployed and the original mucositis grades, r = 0, 1, 2, 3 (here grade 3 includes both of grades 3 and 4 due
to only a few observations of grade 4), were preserved, i.e., longitudinally observed mucositis grades in
ordinal scale (Augustin et al., 2017). The approach is termed a flexible multivariate random effects pro-
portional odds model, hereafter “FMRP”, which is briefly explained in Sec. 4.2.1. The two models are
based on different frameworks: the shared frailty model is based on the counting process approach whereas
FMRP is an extension of a proportional odds model focusing on ordinal outcomes. In fact, although FMRP
deals with longitudinal data, the “time” aspect is considered only indirectly through the covariate of the
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Table 1 Estimates for the gamma frailty model and the Gaussian frailty model. Estimated coefficients
for fixed coefficients, and corresponding standard errors, Chi-squared values, and p-values are presented.
Estimated individual frailties are not shown, but their chi-squared values and p-value are given.
gamma frailty Gaussian frailty
Variables exp(coef) se(coef) p-value exp(coef) se(coef) p-value
site soft 0.97 0.26 0.91 1.06 0.26 0.82
site tongue 0.54 0.28 0.03 0.62 0.27 0.08
site floor 0.15 0.33 <0.001 0.16 0.32 <0.001
site up 0.04 0.61 <0.001 0.04 0.61 <0.001
site low 0.10 0.42 <0.001 0.09 0.43 <0.001
site left 0.45 0.26 0.002 0.48 0.26 0.005
site right 0.42 0.26 <0.001 0.44 0.26 0.002
dosl 2.66 0.22 <0.001 2.24 0.19 <0.001
frailty(id) Chi-sq=195.99 ≈ 0 Chi-sq=243.95 ≈ 0
site-specific cumulative dose (cumdosl), detailed in Sec. 4.2.2. Thus, it is interesting that the two models
still lead to parallel results. In this subsection, a comparison between the two approaches is made.
4.2.1 A flexible multivariate random effects proportional odds model, FMRP
Motivated by the study introduced in Sec. 2, Augustin et al. (2017) proposed a novel flexible multivariate
random effects proportional odds model (FMRP) that takes the longitudinal course of oral mucositis at
different mouth sites into account. As in this article, the clinical aim of the study is to find out whether there
are significant differences in radiosensitivities among the eight distinct sites in the mouth area. The FMRP
is an extension of the proportional odds model for an ordinal response variable, the original mucositis grade
scale. Besides addressing the ordinal multivariate response of the mucositis grades for each site and at each
assessment time, the model includes random intercepts for individual effects and a nonlinear function of
the site-specific cumulative (radiation) dose (cumdosl). Focusing on the difference in radiosensitivities
on the sites, site effects are also directly incorporated into the model as covariates. Thereby, the model
allows to test whether the radiosensitivity differs by site after having adjusted for site-specific cumulative
dose. It is also possible to check whether and how the (nonlinear) effect of the site-specific cumulative
dose differs by site.
Let Rijl denote the mucositis grade in the range 0, ..., 3 for individual i, assessment time index j, site
l. Then, seeing the proportional odds model as a special case of the cumulative logit model for ordinal
outcomes, where the proportional assumption is met, the FMRP model for mucositis grade r = 0, 1, 2, 3 is
specified as
logit (P(Rijl ≤ r)) = log
P(Rijl ≤ r)
P(Rijl > r)
= γr − ηijl
where
ηijl = β0 + βstudyXstudyi +X
T
site.lβsite + f(cumdoslijl) + bi (4)
is selected to be the best for the mucositis data set (Augustin et al., 2017). Here, γr is the cut-point for a
mucositis grade r on the unobserved continuous mucositis severity scale, βsite is the parameter vector for
the eight sites, and bi is a random intercept for individual i with bi ∼ N(0, σ2b ). To model the effect of
the site-specific cumulative dose (cumdosl), a flexible function f(·) is used. See Augustin et al. (2017).
Based on the model above, it is found out that after adjusting for the site-specific cumulative dose and
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study effect, upper, lower lips, and mouth floor are related to the lowest mucositis grades and hard and soft
palates tend to have the highest mucositis grades.
4.2.2 Comparison
The parallel result of the estimated hazard ratios of the shared frailty model and the estimated odds ratios
of the FMRP can be explained by several similar features of the two models. First, the two models contain
random effect terms, or, termed frailty term in the shared frailty model, to take individual effects into
account. Also, in both models the site effects for the eight sites are simultaneously incorporated into
one model to address the clinical question as to whether the site effects in the RT exist. Furthermore,
the odds/hazard ratios for the site effects in both models are on the exponential scale, which makes the
site effects in the two models well comparable.
On the other hand, some differences between the two models can also be noted. As mentioned earlier,
the original ordinal scale of the mucositis grades, 0, 1, 2, 3 is preserved in the FMRP whereas in the shared
frailty model only the occurrence of the severe mucositis ’event’ is considered by takings values of either 0
or 1. Another difference is that the FMRP can also be seen as an additive model in that it allows the variable
cumdosl to vary in a flexible way. In the FMRP cumdosl is incorporated as an additive flexible function
of it. Furthermore, the study effect (nuisance, but significant) is incorporated as a stratum variable and
therefore considered in the baseline hazard in the shared frailty model while it is included parametrically in
the FMRP. Finally, the two models account for the radiation dose with different covariates: the site-specific
cumulative dose (cumdosl) in the FMRP and the site-specific dose fraction (dosl) in the shared frailty
model. Note that cumdosl in the FMRP is a time-dependent covariate while the dosl in the shared
frailty model is a time-invariant covariate. Indeed, the time-dependent covariate cumdosl plays a role as
a reflection of the time in the FMRP since it is almost exactly proportional to the time variable, as Fig. 2
indicates.
Due to the different outcome scales (binary vs. ordinal), a fair comparison between the two approaches
can be made when the ordinal scales of the outcomes in the FMRP are collapsed into binary categories,
i.e., when the flexible multivariate random effects logistic model, hereafter the reduced FMRP, is fit with
the binary categories of R ≤ 2 and R > 2 instead while all the others in the model are kept the same.
The rationale for the comparison between the proposed model and the reduced FMRP can be drawn
from, for instance, Cupples et al. (1988), Green and Symons (1983), Elandt-Johnson (1980) and Abbott
(1985). Those studies sought to clarify the relationship between the Cox model (on which the shared
frailty model is based) and the logistic model (on which the reduced FMRP is based). Green and Symons
(1983) found out that under the conditions of the short observation period, a rare occurrence of the event
of interest, and a constant baseline hazard, the coefficients of the two models approximate one another.
And Elandt-Johnson (1980) showed that under the same conditions as in Green and Symons (1983) the
likelihood of the logistic regression approximates the partial likelihood of the Cox regression. The regres-
sion coefficients have similar estimated standard errors. In the general setting without the aforementioned
conditions, however, the Cox regression tends to outperform the logistic model since it additionally looks
at the time-to-event as well as the dropouts during the observation period; Cupples et al. (1988) showed
that with increasing observation period the coefficients of the logistic regression becomes uncertain and
less reliable whereas the coefficients obtained by the Cox regression tend to be invariant to the observation
period and the standard errors decrease with increasing observation period.
In our study what makes the (reduced) FMRP more comparable to the shared frailty model is the fact
that the model is based on the repeated measurements over the time with the time-dependent covariate
cumdosl where the assessment time points and the dropouts can be taken into account. Thus, the argu-
ments in the studies comparing the logistic regression and the Cox model allows us to compare the two
models specially because the (reduced) FMRP incorporates the repeated measurements (cumdosl) over
the time.
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The two models give the parallel results as Fig. 4.2.2 suggests. The right panel of Fig. 4.2.2 shows the
estimated hazard ratios of the shared frailty model (Sec. 4.1.1), and the left panel illustrates the estimated
odds ratios of the reduced FMRP where the ordinal grades are collapsed into two categories of R ≤ 2
and R > 2. The estimates of the hazard and odds ratios for the same site are only slightly different, with
rather prolonged confidence intervals of the estimates of the hazard ratios: the difference in the confidence
intervals originates from the fact that the FMRP allows for recurrence of the events whereas only the first
occurrence of the event is considered in the shared frailty model. In addition, although cumdosl (used in
the FMPR) reflects time (used in the shared frailty model) it is not identical to time. For a fair comparison
it is worth noting that the shared frailty model (2) assumes Gamma frailty and that the Gamma frailty turns
out to be comparable to the log Gaussian frailty (Gaussian is random effects on the scale of the linear
predictor) in this application: Tab. 4.1.1 shows that in this application the two different frailty distributions
do not influence much on the estimates and their standard errors. Despite the slight differences the two plots
in Fig. 4.2.2 show parallel patterns. The orders of the estimates of the eight site effects (representation of
radiosensitivity) coincide in the two models: although in the FMRP with the original mucositis scale there
are slightly changed orders between soft and hard, it is not conspicuous. The estimated odds ratios of
the FMRP for the original scale can be found in Augustin et al. (2017), and here the result from only the
reduced FMRP (logistic regression) is shown for the purpose of the comparison.
These two different approaches which led to the same conclusion about the site effects can be seen as





































Figure 4 Comparison of (left) the estimated odds ratios of the site effects with respect to the hard palate
from the reduced FMRP (edited from Augustin et al. 2017) focusing on the severe mucositis, i.e., odds
ratios for R > 2, (right) the estimated hazard ratios of the site effects with respect to the hard palate from
the gamma shared frailty model. The gray lines indicate 95% confidence intervals.
5 Discussion
In this article we have introduced a time-to-event approach for the analysis of complex multivariate and
longitudinal data and have chosen a shared frailty model as the most suitable one for the mucositis data
structure. An alternative, direct time-to-event approach could be the multi-state modelling where the mu-
cositis grade itself represents a state and any change in grade can be described by a transition between two
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states (extended illness-death model). In fact, it turns out that a site-specific Cox model incorporating the
site-specific dose fraction (dosl) and study effect, separately fitted for each site, adequately explains
the mucositis progressions for each site. Thereby, the sensitivity of each site to the incremental change in
radiation dose fraction can be estimated. However, for the purpose of the comparisons of the site effects
itself, which is of our main interest, a model incorporating eight site effects simultaneously is required,
which is impossible in the multi-state model setting especially for a relatively small data set. Therefore,
in the case of the mucositis data set, based on the fact that the event of severe mucositis (grade ≥ 3) is
of main interest we regard the severe mucositis occurrences in the eight distinct sites as the multivariate
time-to-event and take a joint modelling approach by focusing on the severe mucositis occurrences. The
shared frailty model proposed in this article can be seen as a joint modelling approach where the eight
parallel binary processes are simultaneously incorporated into one model.
The joint modelling approach entails correlation issues, and the mucositis data set has a multivariate
longitudinal structure where, in general, complicated correlations between the repeated measurements as
well as between multivariate outcomes within an individual are to be addressed. And with the proposed
shared frailty model the correlation issues can be easily dealt with by introducing a frailty term to explain
individual effects which cannot be explained by covariates.
Notice that in the multivariate parallel processes, there are possibly two different kinds of correlations:
(i) between the observations within an individual and (ii) between the parallel processes. The frailty term
accounts for the former, but it does not necessarily take into account the latter. Being interested in the latter,
a proportional hazard (PH) Markov model introduced by Cook and Lawless (2014) can be employed. This
model is motivated by interrelated, multiple progressive disease processes. Under the Markovian and no
tied event assumptions, the extended state space can be defined, and this structure enables us to model the
pairwise interrelationships of the processes where any event is assumed to be explained by the history of
another paired process. This means that the model incorporates all the pairwise interrelationships and those
terms can tell us which pair of processes is more interrelated to each other. This is what the frailty term
cannot possibly explain; such a model added by the frailty term still results in a statistically significant
variance of the frailty. There is some overlapping information between the frailty term and the pairwise
interrelationship term, but they cannot replace each other. Apparently, however, the PH Markov model
is overly parameterized, yielding some non-valid estimates, and is not practically efficient. Still, the PH
Markov model brings up an issue of distinction between interrelationship among the parallel processes and
individual effect (frailty), and it might be worthy to check the interrelationship between the processes.
Although the frailty term might not reflect all the pairwise interrelationships, unless the interest lies
in the interrelationship between the sites, the proposed shared frailty model adequately explains the main
effects of interest, and the frailty term sufficiently accounts for the heterogeneity among the observations.
The biggest advantage of the proposed approach is its simplicity: less data collection is required while the
model gives the coherent result. Furthermore, despite its simple model formulation the shared frailty model
sufficiently addresses the challenges listed in Sec. 3.2. Also, a simple formulation would show its strength
when it comes to making a prediction on a new data set. A clear inference of the shared frailty model and
the simplicity of its model formulation makes its practical application easy. The time-to-event approach
has another advantage of enabling us to model time explicitly. The shared frailty model is essentially a
time-varying model and looks at the process in the whole period of the study until the event happens.
Notice that the frailty term is updating with time, and in the case of gamma frailty this “updating formula”
can be explicitly given (Nielsen et al., 1992; Hougaard, 2000; Aalen et al., 2006).
The proposed shared frailty model in this article is limited to a rather specific situation where the spe-
cial interest lies in a time-to-event, i.e., when the longitudinal process exceeds a pre-specified value; the
occurrence of severe mucositis (grade≥ 3) is of main interest rather than the ordinal mucositis grade itself.
However, such simplification can be justified by the coherent results between the FMRP and the proposed
shared frailty model, and the further parallel results between the reduced FMRP (longistic model) and the
FMRP. Thus, in this specific application this multivariate time-to-event approach can be seen as adequate
for our purpose.
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In this work, we did not encounter any censoring issues. Thus, we did not address any possible com-
plications owing to the censoring or its assumptions, which should be preceded in dealing with survival
data in general. Also, a direct comparison between the shared frailty model with the original outcome in
ordinal scale and the one with a binary outcome was not possible to be carried out, due to the small size of
the data set. It is also worth noting that the model was not adjusted for the absolute volume of the sites in
the final model. We assume that the volume does not differ substantially between sites.
It is expected that for a similar kind of data set in the future the proposed shared frailty model can
be applied to compare parallel processes with distinct outcomes. More generally, the approach might
be considered for a multivariate longitudinal data which is comprised of the risk factors as well, given
that each parallel process can be described as a binary process. Although the approach proposed in this
article may seem specific for the application to the mucositis adverse event in radiation therapy, as other
specifically tailored methodology -e.g. on personalized dose selection in radiation therapy (Schipper et al.,
2014) it should also be applicable in other settings when parallel processes are observed in each individual.
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